Photon-instanton collider implemented by a superconducting circuit by Burshtein, Amir et al.
Photon-instanton collider implemented by a superconducting circuit
Amir Burshtein,1 Roman Kuzmin,2 Vladimir E. Manucharyan,2 and Moshe Goldstein1
1Raymond and Beverly Sackler School of Physics and Astronomy, Tel Aviv University, Tel Aviv 6997801, Israel
2Department of Physics, University of Maryland, College Park, MD 20742, USA
Instantons, spacetime-localized quantum field tunneling events, are ubiquitous in correlated con-
densed matter and high energy systems. However, their direct observation through collisions with
conventional particles has not been considered possible. We show how recent advance in circuit quan-
tum electrodynamics, specifically, the realization of galvanic coupling of a transmon qubit to a high-
impedance transmission line, allows the observation of inelastic collisions of single microwave photons
with instantons (phase slips). We develop the formalism for calculating the photon-instanton cross
section, which should be useful in other quantum field theoretical contexts. In particular, we show
that the inelastic scattering probability can significantly exceed the effect of conventional Josephson
quartic anharmonicity, and reach order unity values.
Introduction.— Instantons are time-localized solu-
tions to a system’s imaginary time equations of mo-
tion, describing quantum tunneling events. They typ-
ically bridge between symmetry-related configurations
and carry nontrivial topological indexes [1]. Instantons
play important roles in many areas of physics, ranging
from single-particle quantum-mechanical tunneling [1],
through transport in low dimensional superconductors
and superfluids (where they are also known as “phase
slips”, and can be thought of as vortices crossing the sys-
tem) [2–9], to determining the phase diagram [10] and
breaking of classical conservation laws [11, 12] in gauge
theories. Most of these studies concern thermodynamic
or transport properties. A more direct way to probe such
short-lived excitations would be through resonances they
may induce in the scattering cross sections or decay rates
of other more stable particles with which they interact.
However, such questions received much less attention, in
large part due to lack of relevant experiments.
Advances in the fabrication and control of supercon-
ducting circuits allow to monitor the dynamics of sin-
gle microwave photons propagation. Recent experiments
have exposed intriguing photon dynamics in a uniform
Josephson junction array, in which phase slips may play
an important role [13]. However, their interpretation
is complicated due to the importance of disorder and
charge fluctuations [14–16]. It has recently been real-
ized theoretically [17–27] that controllable quantum sim-
ulation of many-body physics may be easier to achieve
in “quantum impurity” setups, leading to initial experi-
mental works [28–31]. In the current context, this points
at a setup involving a single flux-tunable small Joseph-
son junction (transmon qubit [32]) coupled to an array of
large junctions. The array effectively screens the effects
of unwanted offset charges on the small junction, and al-
lows to controllably scatter photons off it. Superstrong
transmon-array coupling has recently been demonstrated
in such an array [33]. In this work we will show how this
setup could be used to reach a regime of significant inelas-
tic collisions of single microwave photons off phase slips in
the transmon, which would dominate over other nonlin-
(a)
EJC0
E lineJ = 1/(2L)
Cline
Cg· · ·
n = 012 (b)
EJC0
L
Cg· · ·
n = 012
FIG. 1. The studied system: (a) The full circuit; (b) A
simplified version. See the text for details.
earities in the system. For this we develop an extension
of the standard equilibrium instanton calculation [1] to a
scattering scenario, which may be useful in other fields.
Model.— We concentrate on the setup realized in a
recent experiment [33], corresponding to the electric cir-
cuit depicted in Fig. 1(a). It consists of a long (length
N  1) two-leg array of superconducting islands connect
by strong Josephson junctions ElineJ with large junction
capacitance C line, negligible ground capacitance (not de-
picted), and intermediate inter-leg capacitance Cg. The
large C line suppresses phase slips along the arrays, allow-
ing their treatment as classical transmission lines. Except
for this C line could be ignored below the array plasma
frequency. The small ground capacitance pushes the leg-
even modes to high frequencies, decoupling them from
the transmon. We may thus employ a simplified single-
leg array model [Fig. 1(b)] for the leg-odd degrees of
freedom. The array capacitance to the ground Cg and
inductance L in Fig. 1(b) are the inter-leg capacitance
and twice the intra-leg Josephson inductance in Fig. 1(a),
leading to a Lagrangian
L = C0φ˙
2
0
2
+EJ cos (2φ0)+
N∑
n=1
Cgφ˙
2
n
2
− (φn − φn−1)
2
2L
, (1)
where φn is in units of flux and we employ units where
e = 1 and ~ = 1, hence the flux quantum is Φ0 = h/2e =
pi. The array spacing a will serve as the unit of length.
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2The array is terminated by a transmon qubit (node
n = 0, blue elements in Fig. 1) [32] whose Josephson en-
ergy EJ is flux-tunable and much larger than its charg-
ing energy, EC = 1/2C0. Hence, to a leading approx-
imation we may treat it as a linear device [33]. This
gives rise to total system eigenmodes with dispersion
ωk = 2v sin(k/2) ≈ vk, where v = 1/
√
LCg, the ar-
ray wave velocity divided by the array spacing, is much
larger than all other energy scales, i.e., for all relevant
modes k  1. The eigenmodes are ∝ sin(kn+ δk), where
δk = tan
−1
(
Γ0ωk
ω20 − ω2k
)
(2)
is the phase shift. Here ω0 =
√
8EJEC is the trasmon
LC frequency and Γ0 = 1/ZC0 = 4EC/piz is its elastic
broadening due to its coupling to the array, where Z =√
L/Cg is the array wave impedance and z = Z/RQ
(RQ = h/(2e)
2 = pi/2 is the superconducting resistance
quantum). For N  1 the mode spacing is ∆ = piv/N ,
hence
∑
k →
∫∞
0
dω/∆.
Upon increasing EC/EJ the transmon nonlinearity
starts becoming significant. We will concentrate on the
regime where
√
EC/EJ is still small, and furthermore,
Γ0/ω0  1 (i.e.,
√
EC/EJ  z), so the transmon reso-
nance is well-defined [33]. In this regime the nonlinear-
ity manifests in two ways: (i) Expanding the Josephson
cosine gives rise to quartic nonlinearity, shifting ω0 by
−EC . It could also induce photon inelastic scattering,
but we will show later on that for realistic device param-
eters this effect could be subleading; (ii) The periodicity
of the cosine allows for instantons (phase slips). We will
now study in detail the latter effect.
Instanton calculation.— For a disconnected transmon
the classical instanton solution in imaginary time, de-
scribing a phase slip between φ0 = 0 at τ → −∞ and
φ0 = ±Φ0 = ±pi at τ →∞, is φ(0)0 (τ) = ±2 tan−1 (eω0τ ),
or, in Fourier space, φ
(0)
0 (ω) = ±pi/iω cosh (piω/2ω0) [1].
The classical action S0 of the instanton, together with the
contributions of Gaussian fluctuations around it, give rise
to the transmon ground state charge dispersion, the half
bandwidth of the lowest Bloch band of the corresponding
Mathieu equation [32, 34]. In the WKB approximation,
λ0 =
8√
pi
(8EJEC)
1/4
e−
√
8EJ/EC . (3)
We now incorporate the array to lowest order in Γ0/ω0.
Expanding the imaginary time action around the classical
isolated instanton solution [φ
(0)
0 (τ) as given above and
φ
(0)
n>0(τ) = 0] to second order in the deviation δφn =∑
k δφk sin(kn+ δk), one finds:
S = S0 +
∫
dω
2pi

∣∣∣φ(0)0 (ω)∣∣∣2
2L
+
∑
k
Ck
2
(ω2 + ω2k) |δφk(ω)|2
− sin(k + δk)− sin(δk)
L
φ
(0)
0 (−ω)δφk(ω)
]
−
∫
dτ
8EJ
cosh2(ω0τ)
[∑
k
sin(δk)δφk(τ)
]2
, (4)
where the capacitance of mode k is Ck ≈ NCg/2 for
N  1. The very last term contributes to higher orders
in Γ0/ω0 and will be neglected henceforth. The classical
equations of motion for δφk result in
δφk(ω) ≈ 1
Ck(ω2 + ω2k)
ωk cos δk
Z
φ
(0)
0 (ω), (5)
to leading order in k  1. Plugging this back into the
action gives [35]
δS =
1
2
∑
k
f˜2k , f˜k =
√
2∆
zωk
1
cosh
(
pi
2
ωk
ω0
) , (6)
leading to a renormalization λ0 → λ0e−
∑
k f˜
2
k/2. For z >
1 instantons are relevant, resulting in an emergent scale,
λ∗ ∼ λ0(λ0/ω0)1/(z−1), below which instanton effects are
nonperturbative [2]; we limit ourselves to higher energies.
Within the approximations we employ, the con-
tribution of a single instanton to a multipoint cor-
relation of the φk is given by the corresponding
classical solution [35], multiplied by λ0e
−∑k f˜2k/2/2.
The Lehmann–Symanzik–Zimmermann reduction for-
mula [36, 37] may then be employed to find the T -
matrix element between Nin incoming photons with mo-
menta k′1, k
′
2, · · · , k′Nin and Nout outgoing photons with
momenta k1, k2, · · · , kNout :
T k
′
1,k
′
2,··· ,k′Nin
k1,k2,··· ,kNout =
∆
2pi
Ck′1
(
ω′21 + ω
2
k′1
)
√
2Ck′1ωk′1
· · ·
Ck′Nin
(
ω′2Nin + ω
2
k′Nin
)
√
2Ck′Nin
ωk′Nin
Ck1
(
ω21 + ω
2
k1
)√
2Ck1ωk1
· · ·
CkNout
(
ω2Nout + ω
2
kNout
)
√
2CkNoutωkNout
×
〈
φk′1(ω
′
1) · · ·φk′Nin (ω
′
Nin)φk1(ω1) · · ·φkNout (ωNout)
〉
1−instanton
∣∣∣ω′1→iωk′1 ,··· ,ω′Nin→iωk′Nin
ω1→−iωk1 ,··· ,ωNout→−iωkNout
= (∓1)Nin(±1)Noutfk′1fk′2 · · · fk′Nin fk1fk2 · · · fkNout
λ0
2
e−
∑
k f˜
2
k/2 (7)
3with
fk =
√
2∆
zωk
ω20 − ω2k
sin
(
pi
2
ω0−ωk
ω0
)√
(ω20 − ω2k)2 + (Γ0ωk)2
, (8)
being the “form factor” of the instanton in the photon
modes basis. Note that it is finite at the resonance fre-
quency ω0 but still peaked there. It rises towards low
frequencies (assumed higher than λ∗). Thus, processes
in which a nearly resonant photon scatters into a nearly
resonant photon and several low energy photons (whose
number is controlled by z) will play an important role.
Note also that fk diverges at higher odd multiples of ω0,
which are nonlinear resonances broadened only at higher
order in Γ0. In relevant experiments [33] these will any-
way be close to EJ , hence we will limit ourselves here to
lower frequencies. Adding up the contribution of positive
and negative phase slips eliminates processes involving an
odd total photon number.
Let us consider processes in which an additional pho-
ton with the specific frequency ωk is included among ei-
ther the incoming or outgoing photons. Combining the
square of the T -matrix elements just obtained with the
appropriate Bose-Einstein factors corresponding to spon-
taneous and stimulated emission as well as stimulated
absorption, gives the total rate Γink of the inelastic decay
(minus creation) of a single incoming photon at k (the
inelastic scattering probability per collision is 2piΓink /∆),
Γink =λ
2
0f
2
ke
−∑k′ f˜2k′−2∑k′ f2k′nB(ωk′ ) ∑
Nout,Nin
∑
k1,··· ,kNout ,
k′1,··· ,k′Nin
f2k1 · · · f2kNout f
2
k′1
· · · f2k′Nin (1 + nB(ωk1)) · · · (1 + nB(ωkNout ))×
nB(ωk′1) · · ·nB(ωk′Nin )2pi
[
δ
(
ωk + ωk′1 + · · ·+ ωk′Nin − ωk1 − · · · − ωkNout
)
− {ωk → −ωk}
]
, (9)
where the sum is restricted to odd Nout +Nin ≥ 3. The probability of a process not involving photons with frequency
ωk′ decreases when such photons are present, due to the increased probability of their emission or absorption. This
is accounted for by the factor e−2
∑
k′ f
2
k′nB(ωk′ ), as can be seen by expanding it in a Taylor series [38].
Upon expressing the delta functions via their Fourier representations, the summations over Nin,out and the ks can
be recognized as the Taylor series of a hyperbolic sine (without the linear term) [38], which, for ∆ → 0, can be
approximated by an exponential function. All in all we find that Γink = 2f
2
k=ΠR(ωk), where
ΠR(ω) = λ
2
0
∞∫
0
dt sin(ωt) exp
(
−
∑
k′
{
f2k′
[
(1 + nB(ωk′))(1− e−iωk′ t) + nB(ωk′)(1− eiωk′ t)
]
+ f˜2k′ − f2k′
})
, (10)
is the photon retarded self energy, whose imaginary part gives the total inelastic conversion (absorption minus emission)
rate of energy ω into any photon combination. Using it one may write down more refined rates; for example, the net
rate of creation of photons at k′ due to processes involving an incoming photon at k is
Γink′|k = 2f
2
kf
2
k′ {=ΠR (ωk − ωk′) [(1 + nB(ωk′))(1 + nB(ωk − ωk′))− nB(ωk′)nB(ωk − ωk′)]
+=ΠR (ωk + ωk′) [(1 + nB(ωk′))nB(ωk + ωk′)− nB(ωk′)(1 + nB(ωk + ωk′))]} , (11)
which accounts for processes in which photons at k, k′
are, respectively, absorbed-emitted, emitted-absorbed,
emitted-emitted, or absorbed-absorbed, with appropri-
ate signs to obey an energy conservation sum rule,
ωkΓ
in
k =
∑
k′ ωk′Γ
in
k′|k. The last couple of equations are
the central results of this work. To recap, they ap-
ply for any ωk, ωk′ between λ∗ and 3ω0, provided that
λ∗  max(Γ0, T )  ω0 and EC  EJ . The single-
instanton approximation further requires 2piΓink /∆ 1.
We exemplify the parameter dependence of Γink in
Fig. 2. It is dominated by an inelastic resonance at
ω0. Some of its salient features are: (i) The inelastic
scattering probability can approach order unity. The
charge dispersion λ0 decreases fast with ω0, masking the
corresponding increase in the number of possible decay
channels contributing on-resonance [Fig. 2(a,b)]; (ii) The
latter increase is visible in an asymmetry of the inelas-
tic resonance lineshape, especially for small Γ0/ω0 and z
[Fig. 2(c,d)]; (iii) Temperature suppresses coherent quan-
tum phase slips (particularly for z > 1, when they are
relevant [2]) but gives rise to scattering by thermal pho-
tons, hence could either decrease or increase the decay
rate, depending on z [Fig. 2(e)].
Limiting cases.— The general expressions given above
can be simplified further for nearly-resonant incoming
photons, if in addition Γ0/ω0 → 0 and z > 1. The energy
4FIG. 2. Parameter dependence of 2piΓink /∆, the total inelastic scattering probability of a single incoming photon with frequency
ωk. (a,b) On-resonance (mode k0 = ω0/v) probability as function of ω0/Γ0 for several values of z at T = 0: (a) presents the
total rate {using the full Mathieu expression for λ0 [32, 34], rather than the approximate Eq. (3)}, (b) excludes the prefactor
λ20. (c,d) T = 0 resonance lineshape at (c) z = 2 and different Γ0/ω0 or (d) Γ0/ω0 = 0.2 and different z. A simple Lorentzian
with width Γ0 is also plotted for comparison. (e) Temperature dependence of the on-resonance probability for Γ0/ω0 = 0.05
and different z. (f) Ratio between the T = 0 on-resonance probabilities given by the instanton calculation and either the dual
cosine approximation (continuous lines) or the limiting expression, Eq. (13) (dashed lines). See the text for further details.
sum rule is then dominated by photons with ωk′ close to
ω0 as well. At T = 0 the remaining photons share an
energy ∼ Γ0  ω0, for which fq ∼
√
2∆/zωq and
ΠR(ω) ≈ pi
Γ(2/z)
λ20
ω
(
ω
ωc(z)
)2/z
, ω  ω0, (12)
where Γ is the gamma function [34], and the effective cut-
off ωc(z) ≈ 0.9ω0 is z independent for z . 1. Summing
over k′ one obtains on resonance
2piΓink0
∆
≈ 8(ω0/ωc)
2/z
Γ(1 + 2/z)
λ21
Γ2
2F1
(
1,
1
z
,
z + 1
z
,−4ω
2
0
Γ2
)
, (13)
where λ1 = −
√
27EJ/ECλ0 is the charge dispersion of
the first excited level of an isolated transmon [32] and
2F1 is the hypergeometric function [34]. Hence, for large
z, Γinωk=ω0/∆ ∼ (λ1/Γ)2(Γ/ω0)2/z. An extension to fi-
nite T  ω0 is straightforward. Similar expressions can
be obtained by an effective Hamiltonian tailored to de-
scribe this particular class of processes [39], though that
approach cannot give the value of ωc. The quality of this
approximation is tested in Fig. 2(f).
Dual cosine approach.— The instanton approach ac-
counts for the full imaginary time dynamics of the phases
along the array during a phase slip. A common phe-
nomenological approach is to approximate a phase slip
as an instantaneous 2pi shift of all the phases (Φ0 = pi
shift of the fluxes) along the array. In a Hamiltonian
formalism, this could be accounted for by a term
HPS = λPS cos
(
pi
N∑
n=0
qn
)
= λPS cosh
[∑
k
fPSk (ak − a†k)
]
,
(14)
where q0 = C0φ˙0 and qn>0 = Cgφ˙n denote the charge
operators along the array, ak is the annihilation operator
of the array mode k, and where
fPSk =
√
2∆
zωk
ω20[
(ω2k − ω20)2 + (Γ0ωk)2
]1/2 , (15)
The coefficient λPS needs to be set by the value of a
known observable. For the study of nearly-resonant pho-
ton scattering it is natural to choose it so thatHPS repro-
duces the charge displacement of the first excited level of
an isolated transmon [32], that is, λPS = λ1/〈cos(piq0)〉1,
where 〈cos (piq0)〉1 ≈ −pi2
√
EJ/2ECe
−pi2
√
EJ/8EC . It is
then straightforward to calculate the photon self energy
to second order in λPS [40]. The result has the same
form as the instanton expression derived above, but with
different coefficients, λ0 → λPS and fk, f˜k → fPSk . The
5latter agree for ωk  ω0 but differ significantly near res-
onance, as expected from a sudden phase-slip approxi-
mation. However, the overall respective coefficients in
Eq. (11), namely (λ0fkfk′)
2e
∑
k′′ f
2
k′′−f˜2k′′ for the instan-
ton calculation and (λPSfPSk f
PS
k′ )
2 for the dual cosine,
actually agree to leading order in Γ0/ω0. Since the con-
tribution of the low energy photons is similar, as just
noted, the dual cosine provides a surprisingly good ap-
proximation to the full instanton result, see Fig. 2(f).
Quartic nonlinearity.— Let us now briefly discuss in-
elastic photon scattering by more mundane nonlineari-
ties, coming from the Taylor expansion of the transmon
Josephson cosine. To leading order in
√
EC/EJ it is
dominated by the Fermi golden rule contribution of the
quartic term in the expansion, which at T = 0 allows an
incoming photon at k to split into three at ki, i = 1, 2, 3.
Expressing φ0 in terms of the array modes, one finds
Γink =
4z2
3pi
ω40∆
4
Γ20
sin2(δk)
ωk
∑
ki
sin2(δk1)
ωk1
× (16)
sin2(δk2)
ωk2
sin2(δk3)
ωk3
δ(ωk − ωk1 − ωk2 − ωk3).
As opposed to the instanton contribution, where f2k in-
creases towards low energies [Eq. (8)], here the factors of
sin2(δki)/ωki ∝ ωki [cf. Eq. (2)] suppress the contribu-
tion of low frequency photons. Summing over ki we find
the resulting total inelastic rate near resonance to scale
as ∼ z2∆Γ40/ω40 . The suppression with Γ0/ω0 can make
it significantly smaller than the instanton contribution,
provided λ1 is not too small [cf. Eq. (13)], which can be
realized with devices similar to those in Ref. [33].
Conclusions.— In this work we have developed a gen-
eral formalism for the study of instanton-particle colli-
sions, and applied it to a recently-realized [33] supercon-
ducting circuit in which a transmon qubit is strongly-
coupled to a high impedance transmission line. We have
shown that significant inelastic single-photon scattering
by instantons can be controllably initiated and identi-
fied in such a setup. Recent experimental results nicely
match our theory [41]. This paves the way towards the
study of similar effects not only in various superconduct-
ing circuits [2, 3, 5–9, 17–31], but also in other condensed
matter [4, 42, 43] and particle physics [10–12] systems.
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